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Abstract. We study noncrossing geometric graphs and their disjoint
compatible geometric matchings. Given a cycle (a polygon) P we want
to draw a set of pairwise disjoint straight-line edges with endpoints on
the vertices of P so that these new edges neither cross nor contain any
edge of the polygon. We prove NP-completeness of deciding whether
there is such a perfect matching. For any n-vertex polygon, with n ≥ 4,
we show that such a matching with < n/7 edges is not maximal, that
is, it can be extended by another compatible matching edge. We also
construct polygons with maximal compatible matchings with n/7 edges,
demonstrating the tightness of this bound. Tight bounds on the size of a
minimal maximal compatible matching are also obtained for the families
of d-regular geometric graphs for each d ∈ {0, 1, 2}. Finally we consider
a related problem. We prove that it is NP-complete to decide whether a
noncrossing geometric graph G admits a set of compatible noncrossing
edges such that G together with these edges has minimum degree five.
Keywords: Geometric graph · Compatible matching · Graph augmen-
tation.
1 Introduction
A geometric graph is a graph drawn in the plane with straight-line edges.
Throughout this paper we additionally assume that all geometric graphs are
noncrossing. Let G be a given (noncrossing) geometric graph G. We want to aug-
ment G with a geometric matching on the vertices of G such that no edges cross
in the augmentation. We call such a (geometric) matching compatible with G.
Note that our definition of a compatible matching implies that the matching is
noncrossing and avoids the edges of G. Questions regarding compatible match-
ings were first studied by Rappaport et al. [14,15]. Rappaport [14] proved that it
is NP-hard to decide whether for a given geometric graph G there is a compatible
matching M such that G+M is a (spanning) cycle. Recently Akitaya et al. [3]
? This research is supported by the Ministry of Science, Research and the Arts Baden-
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confirmed a conjecture of Rappaport and proved that this holds even if G is a
perfect matching. Note that in this case alsoM is necessarily a perfect matching.
However, for some compatible perfect matchings M the union G+M might be
a collection of several disjoint cycles. There are graphs G that do not admit any
compatible perfect matching, even when G is a matching. Such matchings were
studied by Aichholzer et al. [1] who proved that each m-edge perfect matching G
admits a compatible matching of size at least 45m. Ishaque et al. [10] confirmed
a conjecture of Aichholzer et al. [1] which says that any perfect matching G with
an even number of edges admits a compatible perfect matching. For a geometric
graph G let d(G) denote the size of a largest compatible matching of G and for a
family F of geometric graphs let d(F) = min{d(G) | G ∈ F}. Aichholzer et al. [2]
proved that for the family Tn of all n-vertex geometric trees 110n ≤ d(Tn) ≤ 14n
holds and for the family Pn of all n-vertex simple polygons n−34 ≤ d(Pn) ≤ 13n
holds.
We continue this line of research and consider the following problems. Given
a polygon, we first show that it is NP-complete to decide whether the polygon
admits a compatible perfect matching. Then we ask for the “worst” compatible
matchings for a given polygon. That is, we search for small maximal compatible
matchings, where a compatible matchingM is maximal if there is no compatible
matching M ′ that contains M . We study such matchings also for larger families
of d-regular geometric graphs.
The first studied problem can also be phrased as follows: Given a geometric
cycle, can we add edges to obtain a cubic geometric graph? In the last section,
we consider a related augmentation problem. Given a geometric graph, we show
that it is NP-complete to decide whether the graph can be augmented to a
graph of minimum degree five. The corresponding problem for the maximum
vertex degree asks to add a maximal set of edges to the graph such that the
maximum vertex degree is bounded from above by a constant. This problem is
also known to be NP-complete for maximum degree at most seven [11].
A survey of Hurtado and Tóth [9] discusses several other augmentation prob-
lems for geometric graphs. Specifically it is NP-hard to decide whether a geomet-
ric graph can be augmented to a cubic geometric graph [13] and also whether an
abstract planar graph can be augmented to a cubic planar graph (not preserv-
ing any fixed embedding) [8]. Besides the problems mentioned in that survey,
decreasing the diameter [6] and the continuous setting (where every point along
the edges of an embedded graph is considered as a vertex) received considerable
attention [4,7].
2 Compatible Perfect Matchings in Polygons
Theorem 1. Given a simple polygon, it is NP-complete to decide whether it
admits a compatible perfect matching.
Proof. The problem is obviously in NP, as a certificate one can merely provide
the added edges. NP-hardness is shown by a reduction from positive planar
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(a) (b)
Fig. 1. (a) This gadget allows for simulating a “bend” in the polygon without a vertex
that needs to be matched. The construction is scaled such that the eight points marked
with squares do not see any other point outside of the gadget (in particular, narrowing
it horizontally). (b) A possible matching is shown in red.
1-in-3-SAT. In this problem, shown to be NP-hard by Mulzer and Rote [12],
we are given an instance of 3-SAT with a planar variable–clause incidence graph
(i.e., the graph whose vertices are the variables and clauses, which are connected
by an edge if and only if the variable occurs in the clause) and no negative
literals; the instance is considered satisfiable if and only if there is exactly one
true variable per clause.
For a given 1-in-3-SAT formula, we take an embedding of its incidence graph
and replace its elements by gadgets. We first show that finding compatible match-
ings for a set of disjoint simple polygons is hard and we then show how to connect
the individual polygons to obtain a single polygon.
Our construction relies on a gadget that restricts the possible matching edges
of vertices. In particular, we introduce a polygonal chain, whose vertices need
to be matched to each other in any perfect matching. This is achieved by the
twin-peaks gadget as shown in Fig. 1. The gadget is scaled such that the eight
vertices in its interior (which are marked with squares in Fig. 1) do not see any
edges outside of the gadget. (We say that a vertex sees another vertex if the
relative interior of the segment between them does not intersect the polygon.)
The two topmost vertices must have an edge to the vertices directly below as
the vertices below do not see any other (nonadjacent) vertices. The remaining
six “square” vertices do not have a geometric perfect matching on their own, so
any geometric perfect matching containing them must connect them to the two
bottommost vertices. Clearly, there is such a matching.
We now present the remaining gadgets (wire, split, and clause) for our re-
duction. The ideas are inspired by the reduction of Pilz [13] who showed that
augmenting an arbitrary geometric graph to a crossing-free cubic graph is NP-
complete. In the following illustrations, vertices of degree two are drawn as a dot.
Other vertices in the figures represent a sufficiently small twin-peaks gadget.
The wires propagate the truth assignment of a variable. A wire consists of a
sequence of polygons, each containing four vertices of degree two (ignoring twin-
peak vertices). There are only two possible global matchings for these vertices;
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(a) (b) (c)
Fig. 2. (a) A wire gadget and its two truth states (one in dashed, the other in solid
red). (b) A bend in a wire gadget. (c) A split gadget that transports the truth setting
of one wire to two other ones. This is used for representing the variables.
see Fig. 2(a). A bend in a wire can be drawn as shown in Fig. 2(b). The truth
assignment of a wire can be duplicated by a split gadget ; see Fig. 2(c). A variable
is represented by a cyclic wire with split gadgets. Recall that in our reduction, we
do not need negated variables. The clause gadget is illustrated in Fig. 3, where
the wires enter from the top. The vertices there can be matched if and only if
one of the vertices is connected to a wire that is in the true state. The vertices
at the bottom of the gadget make sure that if there are exactly two wires in the
false state, then we can add an edge to them. Hence, this set of polygons has a
compatible perfect matching if and only if the initial formula was satisfiable.
FALSE FALSETRUE
Fig. 3. The clause gadget. The visibility among the vertices of degree two is indicated
by the lighter lines. Exactly one vertex of degree two of the part in the circle must be
connected to a wire above that carries the true state.
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Fig. 4. Merging neighboring polygons to a single polygon.
It remains to “merge” the polygons of the construction to one simple polygon.
Observe that two neighboring polygons can be merged by a small tunnel using
four new bends with twin-peaks gadgets line in Fig. 4, without affecting the
possible compatible perfect matchings of the other vertices. We can consider
the incidence graph to be connected (otherwise the reduction splits into disjoint
problems). Hence, we can always merge two distinct neighboring polygons, until
there is only a single polygon left. uunionsq
3 Compatible Maximal Matchings in Geometric Graphs
For a geometric graph G let mm(G) denote the size of a minimal maximal
compatible matching of G and for a family F of geometric graphs let mm(F) =
min{mm(G) | G ∈ F}. For a geometric graph G and a maximal compatible
matching M we define the following parameters (illustrated in Fig. 5):
– iGM denotes the number of isolated vertices in G+M ,
– ∆GM denotes the number of triangular faces in G incident to unmatched
vertices only,
– σGM denotes the number of faces of G +M incident to matched vertices
only,
– νGM denotes the number of edges uv in G where u is unmatched, v is
matched, and uv is incident to a reflex angle at u in G+M (see Fig. 7),
– ruGM and r
m
GM denote the number of unmatched and matched vertices inci-
dent to a reflex angle in G+M , respectively.
Here, we call an angle reflex if it is of degree strictly larger than pi (there is
an angle of degree 2pi at vertices of degree 1 in G +M and there is no angle
considered at isolated vertices). Analogically, we call an angle convex if it is of
degree pi or smaller than pi.
We assume that the vertices of the considered graphs are in general position.
That means that no three vertices are collinear.
The following lemma gives a general lower bound on the size of any maximal
matching in terms of the parameters introduced above. We use this bound later
to derive specific lower bounds for various classes of geometric graphs below.
Lemma 1. For each geometric graph G and each maximal compatible match-
ing M of G we have
2 |V (G)|+ νGM + 2σGM − ruGM − 2 rmGM −
∑
u∈V (M)
dG(u)−∆GM − 2 ≤ 2 |E(M)| .
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Fig. 5. A geometric graph G (black) and a maximal compatible matching M (red).
Here iGM = ∆GM = 1, σGM = 2, νGM = 10, ruGM = 11, and rmGM = 10.
Fig. 6. The geometric graph (black) with maximal matching (red) from Fig. 5 where
each reflex angle is cut by a gray edge.
Proof. We subdivide the plane into cells as follows. First draw a rectangle en-
closing G in the outer face (with four vertices and four edges). For each isolated
vertex in G +M (one after the other) draw two collinear straight-line edges,
both starting at that vertex and until they hit some already drawn edges e
and e′. The direction of these new edges is arbitrary as long as they do not
hit any vertex. Their endpoints become new vertices (subdividing e and e′).
Similarly, for each vertex u ∈ V (G) incident to some reflex angle in the result-
ing drawing we draw (one after the other) a straight-line edge starting at u.
The direction of this new edge is chosen such that it cuts the reflex angle at
u into two convex angles and such that it stops on some already drawn edge
(but not a vertex) which is then subdivided by a new vertex. Avoiding to hit
vertices is possible as the points are in general position. See Fig. 6. Let D de-
note the final plane graph. Then each bounded face in D is convex and D is
connected. Further, D has exactly |V (G)|+ ruGM + rmGM +2 iGM +4 vertices and
|E(G)| + |E(M)| + 2(rmGM + ruGM + 2 iGM ) + 4 edges (each edge starting at an
isolated vertex and each edge cutting a reflex angle creates a new vertex and
subdivides an existing edge into two parts). By Euler’s formula the number FD
of faces in D is exactly
FD = |E(D)|−|V (D)|+2 = |E(G)|−|V (G)|+ |E(M)|+rmGM+ruGM+2 iGM+2.
Let U = V (G)\V (M) denote the set of unmatched vertices ofG and let Fi denote
the number of faces in D with exactly i vertices of U in their boundary. Each
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u
v
F
Fig. 7. An edge uv ∈ E(G) where u ∈ V (G) \V (M) and v ∈ V (M) with a reflex angle
at u (in G+M). Then u is the only vertex from V (G) \ V (M) incident to the face F
(obtained by cutting the reflex angle at u) since M is maximal.
isolated vertex in G+M is incident to exactly two faces of D, each vertex u ∈ U
not incident to a reflex angle in G+M is incident to exactly dG(u) faces of D,
and each remaining vertex u ∈ U is incident to exactly dG(u) + 1 faces of D.
Therefore
2 iGM + r
u
GM +
∑
u∈U
dG(u) =
∑
i≥1
i Fi. (1)
Consider two vertices in U incident to a common face F in D. The line seg-
ment connecting these two vertices is an edge of G, otherwiseM is not maximal.
So either F has at most two vertices from U or F is a triangular face of G
incident to vertices from U only. This shows that F3 = ∆GM and Fi = 0 for
each i ≥ 4. Further, each face incident to a vertex that is isolated in G +M
is not incident to any other unmatched vertex. Similarly, for each edge counted
by νGM there is a face in D with only one unmatched vertex in its boundary,
see Fig. 7. Hence F1 ≥ 2 iGM + νGM . The outer face does not contain any ver-
tices of U and hence F0 ≥ 1+ σGM . Combining these observations with (1) and
F2 = FD − F0 − F1 − F3 yields
2 iGM + r
u
GM +
∑
u∈U
dG(u)
= F1 + 2F2 + 3∆GM
= 2FD − 2F0 − F1 +∆GM
≤ 2 |E(G)| − 2 |V (G)|+ 2 |E(M)|
+ 2 iGM + 2 r
m
GM + 2 r
u
GM +∆GM − νGM − 2σGM + 2.
Now the desired result follows using
∑
u∈U
dG(u) = 2 |E(G)| −
∑
u∈V (M)
dG(u). uunionsq
The bound of Lemma 1 is particularly applicable for regular graphs.
Theorem 2. Consider an n-vertex geometric graph G.
a) If G is 0-regular (a point set) we have mm(G) ≥ n−13 .
b) If G is 1-regular (a perfect matching) we have mm(G) ≥ n−26 .
c) If G is 2-regular (disjoint polygons) we have mm(G) ≥ n−311 .
All these bounds are tight for infinitely many values of n.
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Fig. 8. Geometric graphs (black) with minimal maximal compatible matchings (red).
Proof. First consider a 0-regular n-vertex graph G (a point set). Then ruGM = 0,
rmGM = 2 |E(M)|, νGM = ∆GM = 0, and σGM ≥ 0 for any maximal compatible
matching M of G. By Lemma 1 we have 2n − 4 |E(M)| − 2 ≤ 2 |E(M)|. This
shows mm(G) ≥ (n− 1)/3. This is tight due to the graphs G and the maximal
matchings given in Fig. 8 (left).
Next consider a 1-regular n-vertex graph G. Each vertex in G is reflex in
G+M . Then ∆GM = 0, νGM ≥ 0, ruGM = n− 2 |E(M)|, rmGM = 2 |E(M)|, and
σGM ≥ 0 for any maximal compatible matching M of G. By Lemma 1 we have
n− 4 |E(M)| − 2 ≤ 2 |E(M)|. This shows mm(G) ≥ (n− 2)/6. This is tight due
to the graphs G and the maximal matchings given in Fig. 8 (middle).
Finally consider a 2-regular n-vertex geometric graph G. Each vertex in
V (G) \ V (M) is reflex in G+M . Then νGM ≥ 0, ruGM = n− 2 |E(M)|, rmGM ≤
2 |E(M)|, σGM ≥ 0, and ∆GM ≤ (n− 2 |E(M)|)/3 for any maximal compatible
matching M of G. By Lemma 1 we have n− 6 |E(M)| − (n− 2 |E(M)|)/3− 2 ≤
2 |E(M)|. This shows mm(G) ≥ (n−3)/11. This is tight due to the graph G and
the maximal matchingM given in Fig. 8 (right), as an infinite family is obtained
by repeatedly replacing an arbitrary triangle with a (scaled) copy of G+M . uunionsq
Theorem 3. Let n ≥ 4 and let Pn denote the family of all n-vertex polygons.
Then mm(Pn) ≥ 17n for all n and this bound is tight for infinitely many values
of n.
Proof. The construction in Fig. 9 shows that for infinitely many values of n
there is an n-vertex polygon with a compatible maximal matching of size n7 .
This shows mm(Pn) ≤ n7 for infinitely many values of n.
It remains to prove the lower bound. Let P be an n-vertex polygon with a
maximal compatible matching M . Since n ≥ 4, we have |E(M)| ≥ 1, ∆PM = 0,
rmPM ≤ 2 |E(M)|, and σPM ≥ 0. Let U = V (P ) \ V (M) denote the unmatched
vertices of P and let EUM denote the set of edges uv in P where u ∈ U and
v ∈ V (M). Each vertex in U has a reflex angle. Hence ruPM = n− 2 |E(M)| and
νPM = |EUM |. There are 2 + |E(M)| faces in P +M . Each of them either has
no vertex from U in its boundary or at least two edges from EUM . So P +M
has 2 + |E(M)| − σPM faces incident to at least two edges from EUM each.
Each edge in EUM is on the boundary of two faces of P +M . Together we have
2 |EUM | ≥ 2(2+|E(M)|−σPM ) and hence νPM+σPM ≥ 2+|E(M)|. Combining
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Fig. 9. A polygon (black) with a maximal matching (red) with n
7
edges (here n = 42).
Note that there are exactly two matching edges between the 14 vertices in the gray
area which can be repeated along a cycle arbitrarily often.
these observations with Lemma 1 yields |E(M)| ≥ n/7, because
2n+ 2 + |E(M)| − n− 2 |E(M)| − 4 |E(M)| − 4 |E(M)| ≤
2n+ νPM + 2σPM − ruPM − 2 rmPM −
∑
u∈V (M)
dP (u)−∆PM − 2 ≤ 2 |E(M)|
uunionsq
For nonregular (abstract) graphs Gˆ determining a geometric drawing G min-
imizing mm(G) seems harder. For an integer n and a real number d with 0 ≤ d ≤
3, let Fnd denote the family of all (noncrossing) geometric graphs with n vertices
and at most dn edges. Further let mm(d) = lim inf
n→∞ min{mm(G)/n | G ∈ F
n
d }.
For each n and each d ≥ 2 the set Fnd contains a triangulation of a convex
polygon (on 2n− 3 edges). This shows mm(d) = 0 for d ≥ 2. Theorem 2 shows
mm(0) = 1/3 and mm(1/2) ≤ 1/6. The construction in the following lemma
shows mm(d) ≤ (2− d)/13 for 7/10 < d < 2.
Lemma 2. For any integers m, n with n ≥ 5, 7n+9510 ≤ m ≤ 2n + 2 there is a
geometric graph on n vertices and m edges with a maximal compatible matching
of size
⌈
2n−m+3
13
⌉
.
Proof. Let k =
⌈
2n−m+3
13
⌉
. Then k ≥ 1 since m ≤ 2n + 2. First suppose that
2n −m + 3 is divisible by 13, that is, m = 2n + 3 − 13k. We shall construct a
geometric graph on n vertices and m edges with a maximal compatible matching
of size k.
Choose a (noncrossing, geometric) perfect matchingM of 2k points in convex
position and an (inner) triangulation of that geometric graph. See Fig. 10 (left).
There are 2k − 2 triangular faces and 2k edges in the boundary of the outer
face. Place an isolated edge in the interior of each triangular face. Further for
all but one of the outer edges e place another (tiny) isolated edge close to e in
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T
Fig. 10. A geometric graph (black) with a maximal compatible matching (red).
the outer face (so that there are no visibilities between these). So far there are
2k+(4k−4)+(4k−2) = 10k−6 vertices and (3k−3)+(2k−2)+(2k−1) = 7k−6
edges not in M . Close to the remaining outer edge we place a triangulation T of
a convex polygon on n−10k+6 vertices (so that there are no visibilities between
these vertices and the isolated edges not in M). See Fig. 10 (right). Note that
n−10k+6 ≥ 2 sincem ≥ 7n+9510 . So the graph T contains 2n−20k+9 = m−7k+6
edges. The final graph has in total n vertices and m edges not in M . Further M
is a maximal matching by construction.
It remains to consider the case that 2n−m+3 is not divisible by 13. In this
case we apply the construction above with m′ = 2n+3− 13k edges. To add the
remaining m−m′ ≤ 12 edges we replace the triangulation T by an appropriate
triangulation of another point set that has some interior points (and hence has
more edges). uunionsq
4 Augmenting to Minimum Degree Five
In this section, we show that augmenting to a geometric graph with minimum
degree five is NP-complete.
Theorem 4. Given a geometric crossing-free graph G, it is NP-complete to de-
cide whether there is a set of compatible edges E such that G+E has minimum
degree five.
Proof. The problem is obviously in NP, a certificate provides the added edges.
NP-hardness is shown by a reduction from monotone planar rectilinear
3-SAT.
In this problem, shown to be NP-hard by de Berg and Khosravi [5], we are
given an instance of monotone (meaning that each clause has only negative or
only positive variables) 3-SAT with a planar variable-clause incidence graph. In
this graph, the variable and clause gadgets are represented by rectangles. All
variable rectangles lie on a horizontal line. The clauses with positive variables
lie above the variables and the clauses with negative variables below. The edges
connecting the clause gadgets to the variable gadgets are vertical line segments
and no edges cross. See Fig. 11.
For a given monotone planar 3-SAT formula, we take an embedding of its
incidence graph (as discussed) and replace its elements by gadgets. Note that the
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clause
clause
clause
clause
clause
clause
Fig. 11. A monotone planar 3-SAT instance with a corresponding embedding.
Fig. 12. A (geometric) subgraph whose copies will form a wire gadget.
corresponding rectilinear layout can be computed in polynomial time and has
coordinates whose size is bounded by a polynomial [16]. We use a wire gadget
that propagates the truth assignments; see Fig. 12. It consists of a linear sequence
of similar subgraphs, each containing exactly four vertices of degree four (the
other vertices have at least degree five). The gray areas contain subgraphs where
all vertices have at least degree five. The main idea is that we need to add an
edge to each of the vertices of degree four surrounding the big gray squares. But
due to blocked visibilities this can only be achieved by a “windmill” pattern,
which has to synchronize with the neighboring parts; see Fig. 13. Thus, we have
exactly two ways to add edges in order to augment the wire to a graph with
minimum degree five.
(a) (b)
Fig. 13. The wire gadget with its only true possible augmentations, associated with
the assignment true (a) and false (b).
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(a) (b)
Fig. 14. A bended wire (a) and the split gadget (b).
Fig. 15. A clause gadget, the three bold segments represent that the corresponding
literals are set to true. The central 7-gon (blue) can be augmented to a subgraph of
degree at least five if and only if at least one literal is true.
A bend in a wire is shown in Fig. 14. The truth assignment of a wire can be
duplicated by the split gadget as shown in Fig. 14.
A variable is represented by a long wire with split gadgets. Recall that in
our reduction, all variables lie on a horizontal line. The clauses with positive
variables lie above and the ones with negated variables lie below this line. We
can control whether a variable or a negated variable is transmitted to the clause
gadget by choosing appropriate positions for the corresponding split gadgets. In
particular, if we translate the split gadget at the wire by one position to the
left or right and keep the truth assignment for the wire, the orientation of the
augmentation at the position of the new split gadget is flipped.
The clause gadget is illustrated in Fig. 15. The wires enter from left, right
and below (respectively above). The 7-gon in the middle of the clause gadget
can be augmented to a subgraph with minimum degree five if and only if it is
connected to at least one wire in the true state. See also Fig. 16. uunionsq
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Fig. 16. The three valid possibilities to augment the 7-gon in the clause gadget if one
literal is true.
5 Conclusions
We study how many noncrossing straight-line matching edges can be drawn on
top of a geometric graph G without crossing or using the edges of G. From an
algorithmic point of view we show that it is hard to decide whether a perfect
matching can be drawn on top of a polygon in this way. Our results on minimal
maximal matchings show that a greedy algorithm will always draw at least n7
edges on top of any n-vertex polygon. However, there are instances where it may
draw not more than this amount of edges, although larger compatible matchings
exist.
We are interested in how the function mm(G) (the size of a minimal max-
imal compatible matching of G) behaves among all geometric graphs G on n
vertices and at most dn edges for any value d ∈ [0, 3]. Our results show that
degree constraints (like d-regularity) help to determine mm(G) and also increase
the value of mm(G) (compared to graphs on the same average degree). Indeed,
we show that any 2-regular graph has at least (n − 3)/11 edges in any maxi-
mal compatible matching while the construction in Lemma 2 shows that there
is a geometric graph G on n vertices with n edges and mm(G) = (n + 3)/13.
We do not know whether there is a family of such geometric graphs with val-
ues of mm(G) (asymptotically) even smaller than n/13. It is also not clear for
which graphs mm(G) is maximized. For some drawings of empty graphs G we
have mm(G) = dn3 e. Is this the (asymptotically) largest possible value?
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